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1. Introduction

The goal of this note is to show the uniform continuity of definable functional in intuitionistic type
theory as an application of forcing with dependent type theory. The discovery of uniform continuity
of definable functional originates in Brouwer’s work [5], who proved as a corollary of his bar theorem
that, in intuitionistic mathematics, any function everywhere defined on the unit interval is uniformly
continuous. The technique of using forcing to prove uniformcontinuity of functional is presented in
Beeson’s bookFoundations of Constructive Mathematics. This proof can be seen as a possible formal
counterpart of Brouwer’s arguments. However, Beeson’s book contains no treatment of Martin-Löf type
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theory and this is formulated as an open problem: “Forcing has yet to be worked out directly for Martin-
Löf’s system” [3]. We present in this note a possible way to combine forcing and intuitionistic type
theory.

The first step is to specify the version of type theory we are working with. This version, so called
intensionaltype theory, is quite close to the one presented by P. Martin-Löf [11]. The notion ofcom-
putability, introduced by Gödel [7] for a simpler type system, can be defined also for the present theory.
We extend it with a “Cohen real”, a generic function from natural numbers to Boolean, and explain how
to define a suitable notion of computability for this extension. We show then that any well-typed term is
computable. The uniform continuity of definable functionalis then a direct corollary.

2. (Standard) Type Theory

2.1. Terms

The terms of Type Theory are untypedλ-calculus extended with constants, and with the following syntax.

t, u,A, F ::= x | λx.t | t t | c | f

We consider terms up toα-conversion. There are two kinds of constants:constructorsc, c′, . . . and
defined constantsf, g, . . . . We consider only the (recursively) defined constantnatrec andnatreck with
the reduction rules

natrec a g 0 → a natrec a g (Sn) → g a (natrec a g n)

and, for eachj < k
natreck a0 . . . ak−1 j → aj

This forms an extension ofβ-reduction which still has the Church-Rosser property [11], sometimes
called β, ι-reduction [2]. We writet1 = t2 to mean thatt1 and t2 have a common reduct forβ, ι
reduction.

The constructors areU,N,Nk, j (arity 0), fork, j = 0, 1, . . . , S (arity 1) andΠ (arity 2). If n is a
natural number, we may writen instead of Sn 0. We write(Πx:A)B instead ofΠA (λx.B), andA→ B
instead ofΠ A (λx.B) if x is not free inB. A contextis a sequencex1 : A1, . . . , xn : An; we write()
for the the empty context.

2.2. Typing rules

They are three forms of judgements

Γ ⊢ A Γ ⊢ t : A Γ ⊢

The last judgementΓ ⊢ expresses thatΓ is a well-typed context. We may writeJ [x : A] for
x : A ⊢ J .

The typing rules are as follows. The rules for forming contexts are

() ⊢

Γ ⊢ A

Γ, x : A ⊢
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The rules for forming types are

Γ ⊢

Γ ⊢ U

Γ ⊢ A : U

Γ ⊢ A

Γ, x : A ⊢ B

Γ ⊢ (Πx:A)B

The rules for forming elements are

(x : A) ∈ Γ Γ ⊢

Γ ⊢ x : A

Γ, x : A ⊢ t : B

Γ ⊢ λx.t : (Πx:A)B

Γ ⊢ v : (Πx:A)B Γ ⊢ u : A

Γ ⊢ v u : B(u)

Γ ⊢ t : A Γ ⊢ B A = B

Γ ⊢ t : B

We use the notationB(u) to denoteB where all free occurrences ofx have been replaced byu.
We express that the universeU containsN andNk, the type of natural numbers< k, and is closed

under the product operation.

Γ ⊢

Γ ⊢ N : U

Γ ⊢

Γ ⊢ Nk : U

Γ ⊢ A : U Γ, x : A ⊢ B : U

Γ ⊢ (Πx:A)B : U

The special constants arenatrec, natreck with the typing rules

Γ ⊢

Γ ⊢ 0 : N

Γ ⊢

Γ ⊢ S : N → N

Γ ⊢ a : B(0) Γ ⊢ g : (Πx:N) B(x) → B(S x)

Γ ⊢ natrec a g : (Πx:N)B

Thinking ofB(x) as a propositionnatrec a g is a proof of the universal proposition(Πx : N)B(x)
which we get by applying the principle ofmathematical induction. In the caseB(x) does not depend
explicitly onx we get the schema of primitive recursion (at higher types), schema introduced by Hilbert
[8] and used later by Gödel [7].

The typing rules fornatreck are

Γ ⊢

Γ ⊢ 0 : Nk

. . .
Γ ⊢

Γ ⊢ k − 1 : Nk

Γ ⊢ a0 : B(0) . . . Γ ⊢ ak−1 : B(k − 1)

Γ ⊢ natreck a0 . . . ak−1 : (Πx:Nk)B

The typeN0 represents the empty type andnatrec0 represents a dependent version of the “ex falso
quodlibet” rule. The typeN1 represents a true proposition. We can define the equality onN aseqN =
natrec f g wheref is the equality to zero, defined as the termnatrec N1 (λxλy.N0), andg is the term
λx.λy.natrec N0 (λn.λz.y n). We can then check the followingβ, ι conversions

eqN 0 0 = N1 eqN 0 (S y) = N0 eqN (S x) 0 = N0 eqN (S x) (S y) = eqN x y

Using this, it is direct to translate Heyting arithmetic in this version of type theory. Similarly, we can
define for eachk an equalityeqNk

on each typeNk.

2.3. Possible extensions

We can as well introduce the typeOrd, the type ofordinal numbers[10]

0 : Ord, S x : Ord [x : N ], L u : Ord [u : N → Ord]
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with the corresponding elimination rule which expresses both the principle of transfinite induction over
the second number class ordinals and definition of objects bytransfinite recursion. It is quite remarkable
that such abstract concepts can be described in this computational framework.

The following comment, extracted from one of the first presentation of type theory [10], expresses
the interest of this system for constructive mathematics: “In the formal theory the abstract entities (natu-
ral numbers, ordinals, functions, types, and so on) become represented by certain symbol configurations,
called terms, and the definitional schema, read from the left to the right,become mechanicalreduction
rules for these symbol configurations. Type theory effectuates the computerization of abstract intuition-
istic mathematics that above all Bishop has asked for.”

2.4. Computability

Type theory extends the system introduced by Gödel [7]. This type system had only one base typeN
and one forming type operationA → B. For this system, Gödel introduced a notion ofcomputability
at all types which is defined by induction on the types. This was used later by Tait [13] to show that
all well-typed terms are normalizable. We show here how to extend the notion of computability to type
theory.

We defineδNk
(t) to meant = j for somej < k, which is equivalent to the fact thatt reduces to

j by β, ι reduction, andδN (t) to mean thatt = k for some numeralk. If δ is a predicate on terms,
andν = (νt) is a family of predicates on terms indexed by terms, thenΠ δ ν is the predicate such that
(Π δ ν)(v) holds iff δ(t) implies νt(v t) for all termst. Finally we say that two predicatesδ1, δ2 on
terms areextensionally equal, writtenδ1 =ext δ2 iff for all terms t, δ1(t) iff δ2(t).

Following S. Allen [1], we define the relationR(A, δ) between terms and predicates on terms induc-
tively by the clauses:

• R(N, δN )

• R(N2, δN2
)

• R((Πx:A)B,Π δ ν) wheneverR(A, δ) andδ(t) impliesR(B(t), νt)

• if A1 = A2 andδ1 =ext δ2 andR(A1, δ1) thenR(A2, δ2)

Lemma 2.1. If R(A1, δ1) andR(A2, δ2) andA1 = A2 thenδ1 =ext δ2.

Proof:
Using the Church-Rosser property ofβ, ι reduction. ⊓⊔

We defineψ(A) to mean
∃δ.R(A, δ)

andψA(t) is defined by
∃δ.R(A, δ) ∧ δ(t)

or, equivalently, by Lemma 2.1, providedψ(A) holds

∀δ.R(A, δ) → δ(t)

Using the predicateψ we define in a similar way another relationS(A, δ) by the clauses:
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• S(N, δN )

• S(N2, δN2
)

• S(U,ψ)

• S((Πx:A)B,Π δ ν) wheneverS(A, δ) andδ(t) impliesS(B(t), νt)

• if A1 = A2 andδ1 =ext δ2 andS(A1, δ1) thenS(A2, δ2)

Lemma 2.2. If S(A1, δ1) andS(A2, δ2) andA1 = A2 thenδ1 =ext δ2.

Proof:
Using the Church-Rosser property ofβ, ι reduction. ⊓⊔

We defineϕ(A) to mean

∃δ.S(A, δ)

andϕA(t) is defined by

∃δ.S(A, δ) ∧ δ(t)

or, equivalently, by Lemma 2.2, providedϕ(A) holds

∀δ.S(A, δ) → δ(t)

Lemma 2.3. If ψ(A) thenϕ(A) andϕA = ψA.

Proof:
It is direct thatR(A, δ) impliesS(A, δ), hence the result. ⊓⊔

If Γ is a contextx1:A1, . . . , xn:An andt1, . . . , tn a vector of terms we defineϕΓ(t1, . . . , tn) to mean

ϕ(A1), ϕA1
(t1), . . . , ϕ(An(t1, . . . , tn−1)), ϕAn(t1,...,tn−1)(tn)

Theorem 2.1. If we haveϕΓ(t1, . . . , tn) then ϕ(A(t1, . . . , tn)) wheneverΓ ⊢ A and if we have
ϕ(A(t1, . . . , tn)) then we haveϕA(t1,...,tn)(t(t1, . . . , tn)) wheneverΓ ⊢ t : A. In particular, if⊢ A
thenϕ(A) and ifϕ(A) and⊢ t : A thenϕA(t).

Proof:
The proof is by induction on the derivation ofΓ ⊢ A andΓ ⊢ t : A. ⊓⊔

Corollary 2.1. If ⊢ g : N → N2 then for any natural numbernwe have a Booleanb such thatg n→∗ b.
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3. Forcing Extension

3.1. Conditions

The conditionsp, q, . . . represent finite amount of information about the infinite object we want to de-
scribe1. Since we want to force the addition of a Cohen real, the conditions are finite sub-graphs of
function from natural numbers to Booleans. Thus the conditions can be represented as a finite list of
equations

f n1 = b1 . . . f nk = bk

wheren1, . . . , nk are distinct natural numbers andb1, . . . , bk Booleans. Thedomainof this condition is
the finite setn1, . . . , nk. We writeq ≤ p if the conditionq extends the conditionp. If n is not in the
domain ofp we writep, f n = b the extension of the conditionp with the equationf n = b. If n is not
in the domain ofp then the two conditionsp, f n = 0 andp, f n = 1 form anelementary partitionof p.
By iterating this construction, we obtain the general notion of partition p1, . . . , pl of a conditionp (this
includes as well the trivial partitionp of p.)

One can think of a condition as a compact open of Cantor space,which is the space of functions from
natural numbers to the discrete space of Booleans, with the product topology. A partitionp1, . . . , pl of p
represents a partition ofp in smaller compact opens.

3.2. Terms

We extend the syntax of terms with a new function symbolf. To each conditionp we associate the
reduction relation→p which extendsβ, ι reduction with the rulef n→p b wheneverf n = b is in p. This
extension still satisfies the Church-Rosser property, by the usual Martin-Löf/Tait argument (as presented
for instance in [11]). We define thent =p u to mean thatt andu have a common reduct for→p.

We define next
p 
 t = u

to mean that there is a partitionp1, . . . , pl of p such thatt =pi
u for all i. For instance, ift is

natrec2 (f 0) u u we have
 t = u because the empty condition admits a partition in two condi-
tions f 0 = 0 andf 0 = 1 and that we havet →p u for each of these two conditions. We write
 t = u
instead ofp 
 t = u if p is the empty condition.

Lemma 3.1. If p1, . . . , pl is a partition ofp andpi 
 t = u for all i thenp 
 t = u.

If ⊢ g : N → N2 we say thatg satisfies the conditionp iff we haveg k = b wheneverf k = b is in p.

Lemma 3.2. If p 
 t = u and⊢ g : N → N2 andg satisfies the conditionp thent(f/g) = u(f/g).

Proof:
We have a partitionp1, . . . , pl of p such thatt =pi

u for all i. On the other hand,g satisfies exactly one
conditionpi0 , andt =pi0

u impliest(f/g) = u(f/g). ⊓⊔

1It may be appropriate to recall some motivations for the notion of forcing, according to R. Platek: “Cohen’s original discovery
of forcing was motivated by an attempt to prove analysis consistent. The idea was that statements which seemed to involve
infinities could be reduced to pieces of finite information” [12]. This is reminiscent of the use of sheaf models and generic
elements in constructive mathematics to explain computationally non effective principles.
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3.3. Typing rules

The typing rules of the forcing extension of type theory are similar to the one of type theory. The only
changes are the equality rule and the typing rule for the constant f. We have the new judgements

Γ 
p A Γ 
p t : A Γ 
p

and we writeΓ 
 J for Γ 
p J if p is the empty condition.
The typing rule for the generic constantf is

Γ 
p

Γ 
p f : N → N2

and the rule for equality is
Γ 
p t : A Γ 
p B p 
 A = B

Γ 
p t : B

Otherwise, the other rules are a copy of the rules of type theory, by indexing them with a condition. For
instance the rule for elements are

(x : A) ∈ Γ Γ 
p

Γ 
p x : A

Γ, x : A 
p t : B

Γ 
p λx.t : (Πx:A)B

Γ 
p v : (Πx:A)B Γ 
p u : A

Γ 
p v u : B(u)

We have directly the fact that these rules define anextensionof standard type theory.

Proposition 3.1. If Γ ⊢ J thenΓ 
p J for any conditionp. Furthermore, ifΓ 
p J andq ≤ p then
Γ 
q J . If p1, . . . , pl is a partition ofp andΓ 
pi

J for all i thenΓ 
p J .

For instance if⊢ t : N → N then we also have
 t : N → N without changingt. This is a difference
with forcing in set theory, where the structure of function spaces is modified by forcing extension. On
the other hand, the forcing extension is a conservative extension in the following sense.

Proposition 3.2. If Γ 
p J and⊢ g : N → N2 andg satisfies the conditionp thenΓ(f/g) ⊢ J(f/g). In
particular, ifΓ, J do not mentionf andΓ 
 J thenΓ ⊢ J , and ifΓ, A do not mentionf andΓ 
p t : A
then there existst′ such thatΓ ⊢ t′ : A. (This termt′ is obtained by replacingf by any function satisfying
the conditionp.)

Proof:
Direct by Lemma 3.2. ⊓⊔

The partition property of Proposition 3.1 is reminiscent ofBeth models [4]. Notice however that the
rule for implication

Γ, x : A 
p t : B

Γ 
p λx.t : A→ B

is different from the implication rule for Beth and Kripke models.
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3.4. Computability

We definep 
 δN (t) to mean that there is a partitionp1, . . . , pl of p and numeralsn1, . . . , nl such that
pi 
 t = ni for all i. We get an equivalent definition if we replacepi 
 t = ni by t =pi

ni.
Similarly, we definep 
 δNk

(t) to mean that there is a partitionp1, . . . , pl of p and elements
j1, . . . , jl < k such thatpi 
 t = ji for all i.

We definep 
 δ1 =ext δ2 to mean that for allq ≤ p and all termst we haveq 
 δ1(t) iff q 
 δ2(t).
(Recall thatq ≤ p means thatq extendsp.) We define a relationp 
 R(A, δ) inductively, whereδ is a
relationp 
 δ(t) between terms and conditions.

• p 
 R(N, δN )

• p 
 R(Nk, δNk
)

• p 
 R((Πx:A)B,Π δ ν) wheneverp 
 R(A, δ) andq ≤ p, q 
 δ(t) imply q 
 R(B(t), νt)

• if p1, . . . , pn is a partition ofp andpi 
 A = Ai andpi 
 δ =ext δi andpi 
 R(Ai, δi) for all i
thenp 
 R(A, δ)

Lemma 3.3. If we havep 
 R(A, δ) andr ≤ q ≤ p thenq 
 δ(u) impliesr 
 δ(u). Also if q ≤ p and
q1, . . . , qm is a covering ofq andqi 
 δ(ti) andqi 
 t = ti for all i thenq 
 δ(t).

Lemma 3.4. If we havep 
 R(A1, δ1) andp 
 R(A2, δ2) andp 
 A1 = A2 thenp 
 δ1 =ext δ2.

We definep 
 δU (A) to mean that there exists a predicateδ such thatp 
 R(A, δ). We can then
define the relationp 
 S(A, δ) inductively:

• p 
 S(N, δN )

• p 
 S(Nk, δNk
)

• p 
 S(U, δU )

• p 
 S((Πx:A)B,Π δ ν) wheneverp 
 S(A, δ) andq ≤ p, q 
 δ(t) imply q 
 S(B(t), νt)

• if p1, . . . , pn is a partition ofp andpi 
 A = Ai andpi 
 δ =ext δi andpi 
 S(Ai, δi) for all i
thenp 
 S(A, δ)

We definep 
 ϕ(A) to mean that there existsδ such thatp 
 S(A, δ) andq 
 ϕA(t) for q ≤ p is
then defined to meanq 
 δ(t).

If p andq are compatible conditions we definep ∧ q = p ∪ q. We have the following “gluing”
property.

Lemma 3.5. If p1, . . . , pl is a partition ofp and we have a family of relationsδ1, . . . , δl then there exists
a relationδ such thatpi 
 δ =ext δi for i = 1, . . . , l.

Proof:
We defineq 
 δ(t) to meanq ∧ pi 
 δi(t) for all i such thatq andpi are compatible. ⊓⊔
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Lemma 3.6. If p1, . . . , pl is a partition ofp and if we havepi 
 ϕA(t) for all i thenp 
 ϕA(t).

Proof:
For eachi we have a relationδi such thatS(A, δi). Using Lemma 3.5, we findδ such thatpi 
 δ =ext δi
for all i, and so,p 
 S(A, δ) by the last clause of the inductive definition ofS. Hence we havep 
 ϕ(A).

⊓⊔

The key Lemma expresses the computability of the generic function f.

Lemma 3.7. We have
 ϕN→N2
(f).

Proof:
We remark first that we haveq 
 ϕN2

(f n) for all conditionsq and all natural numbersn. Indeed, if
f n = b is in q then we havef n =q b and and ifn is not in the domain ofq thenq is covered by two
conditionsq0, q1 such thatf n =qi

i.
If q ≤ p andq 
 ϕN (t) then we have a partitionq1, . . . , ql and natural numbersn1, . . . , nl such that

qi 
 t = ni for all i. We then haveqi 
 ϕN2
(f t) for all i by the remark above and soq 
 ϕN2

(f t) by
Lemma 3.6. ⊓⊔

If Γ is a contextx1:A1, . . . , xn:An andt1, . . . , tn a vector of terms we definep 
 ϕΓ(t1, . . . , tn) to
mean

p 
 ϕ(A1), p 
 ϕA1
(t1), . . . , p 
 ϕ(An(t1, . . . , tn−1)), p 
 ϕAn(t1,...,tn−1)(tn)

Theorem 3.1. If we havep 
 ϕΓ(t1, . . . , tn) thenp 
 ϕ(A(t1, . . . , tn)) wheneverΓ 
p A and if we
havep 
 ϕ(A(t1, . . . , tn)) then we havep 
 ϕA(t1,...,tn)(t(t1, . . . , tn)) wheneverΓ 
p t : A. In
particular, if
 A then
 ϕ(A) and if
 t : A and
 ϕ(A) then
 ϕA(t).

We can now state the uniform continuity of the functional definable in standard type theory.

Theorem 3.2. If ⊢ F : (N → N2) → N2 then there exists a partitionp1, . . . , pl of the empty condition
and Booleansb1, . . . , bl such thatF f →∗

pi
bi.

Proof:
Assume⊢ F : (N → N2) → N2. By Proposition 3.1 we have
 F : (N → N2) → N2. By Lemma
3.7 we have
 f : N → N2. Hence
 F f : N2. By Theorem 3.1 this impliesϕN2

(F f) and hence
δN2

(F f), so that we have a partitionp1, . . . , pl of the empty condition and Booleansb1, . . . , bl such that
F f =pi

bi, which by Church-Rosser, impliesF f →∗

pi
bi. ⊓⊔

Conclusion

We presented a simple example of forcing extension of intuitionistic type theory, with an application
to the proof of uniform continuity of definable functional onCantor space. For this, we have defined a
computability predicate and shown that well-typed terms are computable.

Like in Tait’s work [13] it is also possible to use this methodto show that well-typed terms and nor-
malizable, and to show then that type-checking for this forcing extension isdecidable. One remark about
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our proof of uniform continuity of definable functional is that this proof is carried out in a constructive
meta-theory. It is thus possible, and interesting, to extract from it a computation which takes as input
a functional⊢ F : (N → N2) → N2, and outputs a partitionp1, . . . , pl of the empty condition and
Booleansb1, . . . , bl such thatF f →∗

pi
bi.

Using this forcing extension, we can decide if a standard term ⊢ F : (N → N2) → N2 is always1
or not. Indeed, we have a partitionp1, . . . , pl of the empty condition and Booleansb1, . . . , bl such that
F f →∗

pi
bi. We can then test if allbi are equal to1. By iterating the forcing extension, i.e. by adding

infinitely many Cohen realsf0, f1, f2, . . . we can thus get an extension of type theory with a computable
functional

∀ : ((N → N2) → N2) → N2

Furthermore type-checking for this extension is still decidable. We intend to present all these variations
in a following paper.
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