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1. Introduction

The goal of this note is to show the uniform continuity of defite functional in intuitionistic type
theory as an application of forcing with dependent type thedhe discovery of uniform continuity
of definable functional originates in Brouwer’s work [5], alproved as a corollary of his bar theorem
that, in intuitionistic mathematics, any function evenes defined on the unit interval is uniformly
continuous. The technique of using forcing to prove unifaomtinuity of functional is presented in
Beeson’s bookoundations of Constructive Mathematicbhis proof can be seen as a possible formal
counterpart of Brouwer's arguments. However, Beeson'« lmoatains no treatment of Martin-Lof type
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theory and this is formulated as an open problem: “Forcirgpyed to be worked out directly for Martin-
Lof’s system” [3]. We present in this note a possible way ¢mbine forcing and intuitionistic type
theory.

The first step is to specify the version of type theory we arekimg with. This version, so called
intensionaltype theory, is quite close to the one presented by P. Maiifr11]. The notion ofcom-
putability, introduced by Godel [7] for a simpler type system, can Hdd also for the present theory.
We extend it with a “Cohen real”, a generic function from matunumbers to Boolean, and explain how
to define a suitable notion of computability for this extemsiWe show then that any well-typed term is
computable. The uniform continuity of definable functiorsathen a direct corollary.

2. (Standard) Type Theory

2.1. Terms

The terms of Type Theory are untypaetalculus extended with constants, and with the followiyrgtax.
tu, AJF s=x | Azt |[tt]c|f

We consider terms up ta-conversion. There are two kinds of constantenstructorse, ¢/, ... and
defined constantg, g, . .. . We consider only the (recursively) defined constaattec andnatrec; with
the reduction rules

natreca g0 —a natreca g (Sn) — ga (natreca gn)

and, foreachj < k
natrecp ag ... ax—_1j — a;

This forms an extension gf-reduction which still has the Church-Rosser property [Ebmetimes
called 3, c-reduction [2]. We writet; = t5 to mean that; andt, have a common reduct fa?, ¢
reduction.

The constructors ar€, N, Ny, j (arity 0), fork,7 = 0,1,..., S (arity 1) andT (arity 2). Ifnis a
natural number, we may writeinstead of 8 0. We write(Ilz:A) B instead ofll A (Az.B), andA — B
instead oflT A (\x.B) if x is not free inB. A contextis a sequence; : Ay, ...,x, : A,; we write ()
for the the empty context.

2.2. Typingrules

They are three forms of judgements
r-A TIkFt:A TF

The last judgement’ + expresses thdf is a well-typed context. We may writé [z : A] for
r:AFJ.
The typing rules are as follows. The rules for forming cotdere

kA
OF T,z:AF
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The rules for forming types are

't TrHA:U T,2:A+B
TFU TFA  TF (z:A)B

The rules for forming elements are

(x:A)el TF Nz:AFt:B FFov:(Ixz:A)B Thu:A
'z:A ' Azt (Ilx:A)B F'Fvwu: B(u)

'-t:A I'+B A=B
'+t:B
We use the notatiof3(u) to denoteB where all free occurrences ofhave been replaced hy
We express that the univergecontainsN and Ny, the type of natural numbeks k, and is closed
under the product operation.

'+ '+ I'FA:U T,2:AFB:U
'-N:U TFEN,:U ' (lz:A)B : U

The special constants anatrec, natrec; with the typing rules

'k 't I'a:B0O) TI'Fg:IIx:N)B(z) — B(S )
'-0:N I'S:N—-N I'Fnatreca g : (Ilz:N)B

Thinking of B(x) as a propositiomatrec a g is a proof of the universal propositiofilz : N)B(x)
which we get by applying the principle ofiathematical inductionin the caseB(z) does not depend
explicitly on z we get the schema of primitive recursion (at higher typegdjema introduced by Hilbert
[8] and used later by Godel [7].

The typing rules fonatrec,, are

't 't 'Fap:B0O) ... T'Fag_1:Bk—-1)
r~0:N, =~~~ TFk—-1:N, '+ natrecy ag ... ag_q : (Hx:Ny)B

The typeN, represents the empty type andtrec, represents a dependent version of the “ex falso
quodlibet” rule. The typeV; represents a true proposition. We can define the equality esecqy =
natrec f g wheref is the equality to zero, defined as the tematrec N; (Ax\y.Ny), andg is the term
Az.\y.natrec Ny (An.Az.y n). We can then check the following, . conversions

eqn 00=N; eqn 0(Sy) =Ny eqn (Sz)0=Ny eqn (Sz)(Sy)=eqnzy

Using this, it is direct to translate Heyting arithmetic hist version of type theory. Similarly, we can
define for eaclk an equalityeqy, on each typeV.

2.3. Possible extensions

We can as well introduce the typerd, the type ofordinal numberg10]

0:0rd, Sz:0rd[x:NJ], Lu:0rd[u: N — Ord
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with the corresponding elimination rule which expresseth ltiee principle of transfinite induction over
the second number class ordinals and definition of objectsalgfinite recursion. It is quite remarkable
that such abstract concepts can be described in this cotigmatiaframework.

The following comment, extracted from one of the first préaton of type theory [10], expresses
the interest of this system for constructive mathematitrsttfe formal theory the abstract entities (natu-
ral numbers, ordinals, functions, types, and so on) becepresented by certain symbol configurations,
calledterms and the definitional schema, read from the left to the rightome mechanicaéduction
rulesfor these symbol configurations. Type theory effectuatestimputerization of abstract intuition-
istic mathematics that above all Bishop has asked for.”

2.4. Computability

Type theory extends the system introduced by Godel [7]s Type system had only one base tyjge
and one forming type operatioh — B. For this system, Godel introduced a notioncoimputability
at all types which is defined by induction on the types. This wsed later by Tait [13] to show that
all well-typed terms are normalizable. We show here how terek the notion of computability to type
theory.

We definedy, (t) to meant = j for some;j < k, which is equivalent to the fact thatreduces to
4 by 3, reduction, ands (¢) to mean that = & for some numerak. If § is a predicate on terms,
andv = (1) is a family of predicates on terms indexed by terms, tHehv is the predicate such that
(IT § v)(v) holds iff 6(¢) implies v4(v t) for all termst¢. Finally we say that two predicatés, J on
terms areextensionally equalvrittend; =.,; ds iff for all terms ¢, 5, (¢) iff d2(¢).

Following S. Allen [1], we define the relatioR(A, 0) between terms and predicates on terms induc-
tively by the clauses:

e R(N,dn)

e R(N3,dn,)

o R((IIz:A)B,II 6 v) wheneverR(A,d) andd(t) implies R(B(t), i)

o if Ay = Ay anddy =t 02 andR(A1, 1) thenR(As, d2)
Lemma2.l. If R(Aj,d1)andR(Ay,d2) andA; = Ag thend; = 0o.

Proof:
Using the Church-Rosser property@f. reduction. O

We definey(A) to mean
30.R(A,9)

andy 4(t) is defined by
30.R(A,0) A d(t)

or, equivalently, by Lemma 2.1, provided A) holds
Vo.R(A,§) — 4(t)

Using the predicate we define in a similar way another relatiéiiA, 0) by the clauses:
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S(N,dn)

e S(Na,6n,)

SWU,¢)
o S((IIz:A)B,II § v) wheneverS(A, ¢) andd(t) impliesS(B(t), v4)

e if Ay = As anddy =yt o andS(Al, (51) thenS(AQ, (52)
Lemma2.2. If S(A;,d1)andS(Ay,d2) andA; = Ag thend; = 2.

Proof:
Using the Church-Rosser property @f. reduction. O

We definep(A) to mean
36.5(A,0)

andp4(t) is defined by
36.5(A,0) A o(t)

or, equivalently, by Lemma 2.2, provided A) holds

V5.5(A,8) — 8(t)

Lemma2.3. If ¢(A) thenp(A) andps = 4.

Proof:
It is direct thatR(A, 0) implies S(A4, ¢), hence the result. O
If I"is a contextry: Ay, ..., x,:A, andty, ..., t, a vector of terms we defingr (¢4, ..., t,) to mean

@(A1)7 @Al (tl)v st QP(ATZ(th e 7t7’b—1))7 @An(tl,...,tn_l)(tn)

Theorem 2.1. If we have pr(ty,...,t,) then o(A(t,...,t,)) wheneverl' - A and if we have
o(A(t1, ..., tn)) then we havep ., ..+, (t(t1, .-, t,)) wheneverl' = ¢ @ A. In particular, ift- A
thenp(A) and if o(A) andk ¢ : A thenp4(t).

Proof:
The proof is by induction on the derivation Bf- A andI" - ¢ : A. O

Corollary 2.1. If - g : N — N5 then for any natural numberwe have a Booleahsuch thay m —* b.
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3. Forcing Extension

3.1. Conditions

The conditiongp, q, . .. represent finite amount of information about the infiniteeabjwe want to de-
scribé. Since we want to force the addition of a Cohen real, the ¢immdi are finite sub-graphs of
function from natural numbers to Booleans. Thus the camtican be represented as a finite list of
equations

fn1:b1 fnk:bk
whereny, ..., n; are distinct natural numbers ahd . . ., b, Booleans. Thelomainof this condition is
the finite setnq,...,n,. We writeq < p if the conditiong extends the conditiop. If n is not in the

domain ofp we writep, f n = b the extension of the conditiomwith the equatiorf n = b. If n is not
in the domain op then the two conditiong, f n = 0 andp, f n = 1 form anelementary partitiorof p.
By iterating this construction, we obtain the general notid partition p4, .. . , p; of a conditionp (this
includes as well the trivial partitiop of p.)

One can think of a condition as a compact open of Cantor spdteh is the space of functions from
natural numbers to the discrete space of Booleans, withrtidupt topology. A partitiorpy,...,p; of p
represents a partition gfin smaller compact opens.

3.2. Terms

We extend the syntax of terms with a new function symbolTo each conditiorp we associate the
reduction relation—, which extends?, . reduction with the rulé » —, b whenevef n = bisinp. This
extension still satisfies the Church-Rosser property, byugual Martin-Lof/Tait argument (as presented
for instance in [11]). We define then=, « to mean that andu have a common reduct fee,.
We define next
plFt=u

to mean that there is a partitiom,...,p; of p such thatt =,, « for all i. For instance, ift is
natrec, (f 0) u u we havel- ¢ = u because the empty condition admits a partition in two condi-
tionsf 0 = 0 andf 0 = 1 and that we have —,, u for each of these two conditions. We writet = u
instead ofp IF ¢ = w if p is the empty condition.

Lemma3.1. If pq,...,p; is a partition ofp andp; I+t = u for all i thenp I+ ¢t = wu.

If - g: N — N, we say thay satisfies the conditiop iff we haveg k = b wheneveff k = bis inp.

Lenmma3.2. If plF¢t=wandr g: N — N, andg satisfies the conditiop thent(f/g) = u(f/g).

Proof:
We have a partitiop, .. ., p; of p such that =, u for all <. On the other handj; satisfies exactly one
conditionp;,, andt =, uimpliest(f/g) = u(f/g). 0

LIt may be appropriate to recall some motivations for thearotif forcing, according to R. Platek: “Cohen’s originalatisery

of forcing was motivated by an attempt to prove analysis isbaist. The idea was that statements which seemed to involve
infinities could be reduced to pieces of finite informatio@2]. This is reminiscent of the use of sheaf models and generi
elements in constructive mathematics to explain comprtatiy non effective principles.
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3.3. Typingrules

The typing rules of the forcing extension of type theory angilar to the one of type theory. The only
changes are the equality rule and the typing rule for thetaots We have the new judgements

Tlk,A Tl,t:A Tl

and we writel' I- J for I' I, J if p is the empty condition.
The typing rule for the generic constdtis

Tl
T, f:N— N,

and the rule for equality is
Fkyt:A T'lH,B pl-A=DB
Ii,t:B

Otherwise, the other rules are a copy of the rules of typerthég indexing them with a condition. For
instance the rule for elements are
(x:A)el T, T,2:Al,t:B TlFpv: (z:A)B Tlpu: A
Flkyz: A Llkp Azt : (Ilz:A)B Lk, vu: B(u)

We have directly the fact that these rules definexensiorof standard type theory.

Proposition 3.1. If I - J thenT I, J for any conditionp. Furthermore, ifl" I, J andg < p then
L'k J. If py,...,p is apartition ofp andI' I, J for all i thenI' I, J.

Forinstance if- t : N — N thenwe also havie ¢t : N — N without changing. This is a difference
with forcing in set theory where the structure of function spaces is modified by fgrartension. On
the other hand, the forcing extension is a conservativensida in the following sense.

Proposition 3.2. If I' I, J andr g : N — N, andg satisfies the conditiop thenI'(f/g) F J(f/g). In
particular, ifI", J do not mentiorf andI" I J thenI' - J, and ifI", A do not mentiorf andI" I, ¢ : A
then there exists such thaf™ - ¢’ : A. (This termt’ is obtained by replacinfjby any function satisfying
the conditionp.)

Proof:
Direct by Lemma 3.2. O

The partition property of Proposition 3.1 is reminiscenBeth models [4]. Notice however that the
rule for implication
Fz:Al-,t:B
Ly zt:A— B

is different from the implication rule for Beth and Kripke hals.
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3.4. Computability

We definep I o (t) to mean that there is a partitign, . . . , p; of p and numerals, ..., n; such that
pi It = n; for all 2. We get an equivalent definition if we replaggl- t = n; by t =, 7;.

Similarly, we definep IF dy, () to mean that there is a partitign, ...,p; of p and elements
J1,-- -, 41 < ksuch thap; I- t = j; for all .

We definep I §; =.,: d2 to mean that for alf < p and all termg we haveg I 6, (t) iff ¢ IF d2(¢).
(Recall thaty < p means thaty extendsp.) We define a relatiop I+ R(A, §) inductively, where is a
relationp IF 6(¢) between terms and conditions.

e plF R(N,dy)
o pl- R(Ng,dn,)
e pl- R((Ilz:A)B,I1 § v) whenevep I R(A,0) andg < p, q IF 6(¢) imply g IF R(B(t), )

e if p1,...,p, IS @ partition ofp andp; IF A = A; andp; IF 6 =+ §; andp; |- R(A;, ;) for all i
thenp IF R(A,J)

Lemma3.3. If we havep IF R(A, ) andr < g < ptheng IF §(u) impliesr IF 6(u). Also if ¢ < pand
q1,---,qm IS acovering ofy andg; IF 6(¢;) andg; I+ t = ¢; for all i theng IF 6(¢).

Lemma3.4. If we havep IF R(A1,d1) andp IF R(Az,d2) andp IF A} = As thenp I §1 =¢zt .

We definep I 67(A) to mean that there exists a predicateuch thaty I+ R(A,d). We can then
define the relatiop I- S(A, §) inductively:

e pl- S(N,dn)

(
o plF S(Ny, o)
p Ik S(U,é)

(

e pl- S((I1z:A)B,I1 § v) whenevep I- S(A,d) andg < p, ¢ IF 6(t) imply g IF S(B(t), )

e if p1,...,py is a partition ofp andp; IF A = A; andp; I 6 =, 0; andp; I+ S(A;, ;) for all ¢
thenp IF S(A4,9)

We definep I p(A) to mean that there existssuch thap I S(A, ) andg |- p4(t) for ¢ < pis
then defined to meaqpl- ().

If p andq are compatible conditions we defiper ¢ = p U ¢. We have the following “gluing”
property.

Lemma3.b. If p1,...,p; is a partition ofp and we have a family of relatiords, . . . , §; then there exists
arelationd such thap; I+ § =..¢ 6; fori =1,...,1.
Proof:

We defineg IF 6(t) to meang A p; IF 6;(¢) for all ¢ such thaiy andp; are compatible. O
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Lemma3.6. If py,...,p; is a partition ofp and if we havep; I v 4(t) for all i thenp I- @ A(t).

Proof:

For eachi we have a relation; such thatS(A4, ¢;). Using Lemma 3.5, we find such thap; IF 6 =, J;

forall 7, and sop I S(A, ¢) by the last clause of the inductive definition$f Hence we have I- ¢(A).
O

The key Lemma expresses the computability of the generictifumf.
Lemma3.7. We havel on_n, (f).

Proof:
We remark first that we have I ¢y, (f ) for all conditionsg and all natural numbers. Indeed, if
f n = bisin g then we have 7 =, b and and ifn is not in the domain of; theng is covered by two
conditionsgo, ¢; such thaf 7 =, 7.

If ¢ < pandq I ¢n(t) then we have a partitioq, . . ., ¢; and natural numbens, , . .., n; such that
gi I t = m; for all .. We then have; I+ o, (f t) for all ¢ by the remark above and gdt- o, (f t) by
Lemma 3.6. |

If T"is a contextry: A1, ..., z,: A, andty, ..., t, a vector of terms we definel- or(t1,...,t,) to
mean

plE (A1), plEwa,(t1), s oI o(An(ts, . tn1)), PIF QAL tn) (tn)

Theorem 3.1. If we havep IF ¢r(ti,...,t,) thenp I o(A(ty,...,t,)) whenevel I, A and if we
havep - p(A(t1,...,t,)) then we havep IF @ aq, . 1) (t(t1,...,tn)) Whenever' I, ¢ @ A. In
particular, ifl- A thenl- o(A) and ifl- ¢ : A andl- p(A) thenlk @ 4(t).

We can now state the uniform continuity of the functional aigifle in standard type theory.

Theorem 3.2. If - F': (N — N3) — Ns then there exists a partitign, . . ., p; of the empty condition
and Booleansy, ..., b; such that" f —7. b;.

Proof:

Assumer F' : (N — Ny) — N,. By Proposition 3.1 we have F : (N — N3) — N,. By Lemma
3.7 we have- f : N — N,y. Hencel- F f : No. By Theorem 3.1 this impliesy, (F' f) and hence
dn, (F' ), so that we have a partitign, . . . , p; of the empty condition and Booleabs . .., b; such that
F f =, b;, which by Church-Rosser, implies f —>;;i b;. O

Conclusion

We presented a simple example of forcing extension of inmiitic type theory, with an application
to the proof of uniform continuity of definable functional @antor space. For this, we have defined a
computability predicate and shown that well-typed ternescamputable.

Like in Tait's work [13] it is also possible to use this methimdshow that well-typed terms and nor-
malizable, and to show then that type-checking for thisifmyextension islecidable One remark about
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our proof of uniform continuity of definable functional isaththis proof is carried out in a constructive
meta-theory. It is thus possible, and interesting, to extimm it a computation which takes as input
a functional- F : (N — N;) — N,, and outputs a partitiopy, . . ., p; of the empty condition and
Booleansy, ..., b such thatF' f —7. b;.

Using this forcing extension, we can decide if a standanth terF' : (N — N3) — Ny is alwaysl
or not. Indeed, we have a partitign, . . . , p; of the empty condition and Booleans, . .., b; such that
Ff —7 b. We can then test if all; are equal td.. By iterating the forcing extension, i.e. by adding
infinitely many Cohen real, f;, fo,... we can thus get an extension of type theory with a computable
functional

V:((N — N3) — N3) — Ny

Furthermore type-checking for this extension is still datile. We intend to present all these variations
in a following paper.
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